ABSTRACT. We investigate the classes of Banach spaces where analogues of the classical Hardy inequality and the Paley gap theorem hold for vector-valued functions, We show that the vector-valued Paley theorem is valid for a large class of Banach spaces (necessarily of cotype 2) which includes all Banach lattices of cotype 2, all Banach spaces whose dual is of type 2 and also the preduals of C' -algebras, For the trace class SI and the dual of the algebra of all bounded operators on a Hilbert space a stronger result holds; namely, the vector-valued analogue of the Fefferman theorem on multipliers from HI into /1 : in particular for the latter spaces the vector-valued Hardy inequality holds. 
In the present paper we are interested in finding under what additional conditions on a Banach space X the inequalities remain true if the Fourier coefficients a j 's are elements of X and absolute values are everywhere replaced by norms. In that setting for arbitrary Banach spaces the inequalities are false. A standard counterexample is the space co; a more sophisticated one L 1/ H~ (see Proposition 1.1 for details). It appears that the validity of X-valued Hardy and Paley inequalities depends on geometric properties of X like the (Rademacher) type and cotype or the Fourier type introduced by Peetre [Pee] (i.e. a vectorvalued version of the Hausdorff-Young inequality). Sometimes it depends on special analytic structure of X like being a dual of a C* -algebra. Obviously the validity of any of these inequalities or related ones is an invariant of the socalled" local theory of Banach spaces"; in particular, the validity for X implies the validity for every Banach space finitely representable in X.
The paper consists of four sections. The first has a preliminary character. We recall the definitions of vector-valued Hardy spaces Hi and the vector-valued atomic space H~·at . The important discovery of Bourgain and Garcia-Cuerva (cf. Theorem 1.1) links H~,at with H~. Next we set up a framework for the vector-valued analogues of the Hardy and Paley inequalities; we rephrase them in terms of boundedness of operators induced by some scalar multipliers (for instance the sequence ((j + 1)-1) corresponds to the Hardy inequality). We also recall some basic facts from the local theory of Banach spaces. §2 is devoted to the study of operators induced by bounded multipliers from HI into II (the symbols HI and II without subscripts denote the usual scalarvalued spaces). Obviously every scalar sequence which is a bounded multiplier from H~ into I~ for some Banach space X is automatically a bounded multiplier from H I into II. We introduce the class of Banach spaces X (called spaces of (HI _II )-Fourier type, such that every bounded multiplier from HI into II induces a bounded multipliers from H~ into I~. This class is a proper subclass of the Banach spaces of Cotype 2. We show that if 1 :::; p :::; 2 then LP(fl) and the Schatten-von Neumann trace class Sp are spaces of (H"~ -/~) Fourier type (cf. Corollary 2.2 and Theorem 2.2). The case of Sp heavily depends on a noncommutative factorizatiorl theorem (cf. [S] ). The case of SI yields that the dual space of the space of all linear operators on a Hilbert space is a space of (HI _II )-Fourier type. Next we introduce the one-parameter family F Mq for I :::; q :::; 2 of sequence spaces which "connect" the class F MI = II of trivial multipliers with the class of all bounded multipliers from HI into II. The Hardy multiplier ((j + 1) -I) belongs to the intersection nq> I F Mq .
We show that if for a Banach space X the vector-valued Hausdorff-Young inequality holds with an exponent p E [1 ,2] then every multiplier from F Mp induces a bounded operator from H~·at into I~ (Theorem 2.4). As an appliLicense or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use cation of this result we get that if p > 2 and Ep denotes either L P coincides with F Mp (Corollary 2.6). We also present a proof of a result due to J. Bourgain (Theorem 2.5) that if X has type> 1 then the X-valued Hardy inequality holds. In §3 we study "Paley spaces", i.e. Banach spaces for which the vector-valued Paley theorem holds. This property is equivalent to the formally stronger one that every bounded multiplier from HI into II induces a bounded operator for corresponding vector-valued spaces. The class of Paley spaces contains the class of (HI -/I)-Fourier type spaces and is contained as a proper subclass in the class of Banach spaces of cotype 2. However, for Banach lattices (Theorem 3.2) as well as for Banach spaces of type > 1 (Proposition 3.5) the class of Paley spaces coincides with the class of Banach spaces of cotype 2. Actually the vector-valued Paley theorem for Hi' at characterizes Banach spaces of co type 2 and type > 1 (Proposition 3.5). Finally we show that the dual of a C* -algebra is a Paley space (Theorem 3.3).
§4 contains a few open problems and some additional results. In particular we discuss some characterizations of Banach spaces of type > 1 and the relationship between Paley spaces and 2-uniformly PL convexifiable spaces. Acknowledgment. We would like to express our gratitude to D. J. H. Garling for valuable discussions in the early stage of this research concerning the cases of Banach lattices and C* -algebras; we are particularly indebted to J. Bourgain for this permission to include Theorem 2.5 and to G. Pisier for several comments and remarks which improved the preliminary version of the paper. We would like also to thank the University of Illinois at Urbana Champaign, the University of Cambridge and St. John's College Cambridge for their hospitality and support.
1. PRELIMINARIES 1.1 Vector-valued Hardy spaces H~. Unless otherwise indicated all Banach spaces are considered to be taken over the complex number field C. Given a Banach space X and p E [1 : (0) (respectively p = (0) we denote by Li the space of all X -valued 27r-periodic functions on the real line lR which are Bochner absolutely integrable in the pth power (respectively essentially bounded) under the norm
(respectively 11/1100 = esssuPIEIR.II/(t)II)· for I :::; p < 00
Given 1 E L ~ and an integer j , the jth Fourier coefficient of 1 is defined by If for some nonnegative integer n, JU) = 0 for Iii> n, then I is called an X-valued trigonometric polynomial of degree ~ n; if moreover JU) = 0 for i < 0, then I is called an X -valued analytic trigonometric polynomial.
Given P E [I : 00) the Hardy space Hi is defined to be the closure of all Xvalued analytic trigonometric polynomials under the norm II· lip ; equivalently, (D) of all Xvalued analytic functions on the unit disc D = {z E c: Izl < I} such that for each 0 < r < 1 the function F, E Hi and III Filip = sup{ I IF, lip: 0 < r < I} < +00 where F,(t) = F(re it ). Clearly Hi isometrically embeds into Hi (D) .
Conversely it is not hard to verify that Hi (D) is crudely finitely representable
Next recall (cf. [M-Pi] 
where ej(s) = e ijs for s E ~. Thus In is an L 1/ H~ I-valued analytic trigonometric polynomial because q(e) = 0 for j < O. Clearly II/n(t)11 ::; IlqllllF/n)IILi = 1 for t E ~, because IIF/n)IILi = IIF(n)IILi = 1 and Ilqll = 1. Next note that IIq(e)11 = 1 for j 2: O. Indeed, Ilq(e)lI::; IlejllLi ::; 1. On the other hand,
because 1-n e_j(s)g(s) ds = 0 for j 2: 0 and for g E Ho. Thus, for n = 1,2, ... , 00 00
2:: Il m j1nU)11 = 2:: ImjIIP(n)U)1 ::; K.
)=0 j=O
Hence, L~o Imjl ::; K < 00, because limn p(n)U) = 1, for all j.
Remark. 
The standard Baire category argument yields that Px(') is a bounded norm on F M. This yields (ii).
(ii) ~ (iii). Let x; = 0 for i ~ N. Define on H~ the linear functional *.
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Thus g*(J) = x; for 0 ~ j ~ N. 
. Every Banach space crudely finitely represelltable in a space of (HI -/I)-Fourier type is an (HI -/I)-Fourier type space.
Let (/1, Q) be a measure space and let X be a Banach space. By L~(/1) we denote the space of X -valued Bochner /1 integrable functions on Q.
Proposition 2.2. If X is an (HI -/I)-Fourier type space so is L~(/1l.
Proof. It is enough to show that l~ is of (HI -11 )-Fourier type, because for every measure space (/1, Q), L~(/1) is finitely representable in (~.
Let f = Uk) be an I ~-valued analytic trigonometric polynomial. Then obviously each of the coordinates fk is an X-valued analytic trigonometric polynomial. Hence, by the hypothesis on X there is C > 0, such that for
J=O
Summing over all k, we get 00 00 00 
at each point t the operator f(t) is the composition of the operator h(t) with the operator g(t).
To avoid misunderstanding we write here 
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Using the inequality IIA 0 Blls ::; IIAlls liB lis and (2.4) we get 
;2:0 k=O Sv 
where 
1=0
This is trivial for constant atoms. Otherwise it is enough to consider atoms supported on an interval [-J, J] for some J with ° < J < n (because a translate of an atom is again an atom). Given J as above pick a positive integer s so that sJ :::; 1 < sJ + J. Put s 00 00 (k+l)s
To Averaging over r = I , 2, ... ,s we obtain
Thus summing over k = I , 2. .. we get
where
d(t) = a(t)(1 -e-il ).
Now use the hypothesis that X has Fourier type p, say with constant K. Then 
T ~ 2 P '/P nK P'(S-I J -I +//PJP'/p) ~ 2 P '/P nK P'(1 +S-I + I) < 6nK P '.
, / I ' / Therefore L2 ~ (6n) P P Kpp(m) , and consequently
Corollary 2.5. If X has nontrivial Fourier type then X E Jf'J' . 
Next we have

. and define fs by fs(t) = f(2st). Then ls(n) = 0 for n -::J 2ks, 1s(2ks) = J(k)
for k = 0,1 .... Next put g = fsG where
Then for n = 2ks + j with k = 0, 1, ... , j = 1, 2, ... , 2s -1
Since G is a shifted Fejer kernel, IIGlll = 1 . Thus Ilgll l ::; Ilfsllo<JGlll = Ilflloo .
Hence, if C is a (1, 1 )-bound for mE' then p 00 2s-1 X-atom a supported on (-nJ, nJ) with 0< J ~ 1.
Let m be the integer satisfying 
= 2n(mJ) bkU).
Thus Ila(n)11 ~ 211hkU)1l because mJ 2: ~. Therefore, by Lemma 2.1, Corollary 2.5 yet another proof of Theorem 2.5.
PALEY SPACES
Recall (cf. [Du, p. 103) 
Denote by PM the Banach space (under the norm a (.) ) of all sequences m satisfying (3.1).
Definition 3.1. A Banach space X is called a Paley space provided for every (H' -12)-multiplier m the induced operator mx is (1, 2)-bounded.
Recall that given q > 1 a sequence (nk)k>' of positive integers is called q-Iacunary for some q > 1 provided
A lacunary sequence is a q-Iacunary sequence for some q > 1 .
Our first result collects several equivalent conditions for a Banach space of being a Paley space. (/, g: + g;) ~ (t,II/(n,,-, )11' ) >/' + (t,II/(n 2k )II') ,/, :::; Ilfll,llg~ + g;ll oo :::; 2Cqllfll,.
Thus m is (1, 2 )-bounded.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use This is trivial for constant atoms. Otherwise it is enough to consider atoms supported on the interval [-7((5, no] for some 0 with 0 < 0 ::; 1 (because a translate of an atom is again an atom). Let ko be the positive integer satisfying
To estimate Ll observe that Now using the estimate IlaU)11 ::; nolJI/8 for J = 0, ±1, ±2 which follows from (1.1) we obtain
Remembering that a is supported on [-no, no] 
Observe that in fact (3.4) characterizes Banach spaces whose first duals are of type 2. Precisely we have Proposition 3.5. If X is a Banach space such that for some q > I there is a constant C q such that (3.4) holds. then X* is of type 2.
The proof of Proposition 3.5 is similar to that of Proposition 2.5. Next we discuss the case of complex Banach lattices. Let X be an arbitrary Banach space and let (E, II·II E ) be a Banach lattice of absolutely integrable scalar functions on a probability space (0, f1) (cf. e.g. [L-T, Chapter ID. By Ex we denote the space of X -valued Bochner f1-integrable functions f on 0 such that the function W -+ IIf(w)ll x belongs to E equipped with the norm IIfIIE\ = 1IIIf(')llxIIE'
Recall that if (E, II· liE) Proof. Let E be a Banach lattice of cotype 2. Since a Banach space is Paley iff every separable subspace is Paley, we can assume without loss of generality that E is separable. Thus we can also assume that E being of cotype 2 is a lattice of integrable functions on a probability space (0, J.1) and the lattice norm of E is two concave (cf. e.g. [L-T, Chapter I] ). Now we apply Proposition 3.6 for X = C. The converse implication follows from Proposition 3.2.
Finally we shall show Thoerem 3.3. The dual of a C* -algebra is a Paley space.
The proof is based on two lemmas. The first exploits the C* -algebra structure via the von Neumann inequality (cf. [H, No. 229] ).
Lemma 3.1. If X is a C* -algebra, then 112-l as+(I-i)a-2saa 2 11:,,::: 1
for a E X with Iiall :"::: 1, a E C with lal = 1, and 0:,,::: s :"::: 1 .
Proof. Let P(P) Lemma 3.1 allows one to adopt the one-sided Riesz product construction (cf.
[Sm]) for functions with values in a C* -algebra. Then for every q > 2 and every q-lacunary sequence (n k )k21 there is an X -valued trigonometric polynomial g such that 
Proof of Theorem 3.3. Let X be a C* -algebra. Since X* embeds isometrically into X*** , and X** is a unital C* -algebra, we may assume that X is a unital C* -algebra. Let f be an X* -valued analytic trigonometric polynomial and let Let g be an X-valued trigonometric polynomial satisfying (3.6)-(3.8) for the sequences (n k ), (Sk) and ( Next observe that the condition L~=I s; = 4-1 implies that
where c is a numerical constant independent both of N and of the sequence (sk 
REMARKS AND UNSOLVED PROBLEMS
4.1 Paley spaces versus spaces of (H' -I')-Fourier type. We do not know examples of Paley spaces which are not of (H' -/1 )-Fourier type. We do not even know whether for every Paley space the vector-valued Hardy inequality holds.
The vector-valued Hardy inequality is not a "formal consequence" of the vector-valued Paley inequality in a natural sense described next.
Let PM· 12 be the class of scalar sequences m = (m J ) such that m· = as } ) ) 1 for j = 0,1, ... for some (a) E PM and (s) E I~. We have For the necessity of (4.3) first observe that if X has type> 1, then X* has type > 1, say p' (cf. [M-Pi] ). Next we essentially repeat the argument of Proposition 3.4. Conversely, if (4.3) holds for some p 2: 2 then a similar argument to that of Proposition 2.5 yields that X* has type p'. Thus X has type> 1.
After reading the preliminary version of this paper, G. Pisier has kindly communicated to us that another modification of the proof of Proposition 3.4 yields Let r 2: 2 so that r-I = max(2-1 -p-l ,0). Then (4.4) m E P Mr iff mE is (1, 2)-bounded.
P
In fact, what is left is the validity of the implication: "m (1, 2)-bounded Ep => mE PMI/2_l/p" for p > 2. If 1 ::; p ::; 2 then, by Corollaries 3.2 and 3.3, Ep is Paley space. Thus, (4.4) is a consequence of (3.1), because if mx is (1, 2)-bounded for some Banach space X then mE PM = PM oo ' the disc algebra is not the continuous image of any C* -algebra. The approach via the vector-valued Paley inequality seems to be slightly simpler than that presented in [D-Ga-TJ] . This approach was also proposed by G. Pisier who knew a long time ago that the trace class Sl and the dual of B(l2) are Paley spaces (private discussion in Georgenthal in 1981).
